Abstract. We present an extraction of the pion-nucleon (πN ) scattering lengths from low-energy πN scattering, by fitting a representation based on RoySteiner equations to the low-energy data base. We show that the resulting values confirm the scattering-length determination from pionic atoms, and discuss the stability of the fit results regarding electromagnetic corrections and experimental normalization uncertainties in detail. Our results provide further evidence for a large πN σ-term, σ πN = 58(5) MeV, in agreement with, albeit less precise than, the determination from pionic atoms.
Introduction
The πN σ-term, σ πN , encodes crucial information about the scalar nucleon matrix elements of up-and down-quarks N |m|N for q = u, d [1] . These scalar couplings not only emerge as fundamental QCD parameters, measuring the amount of the nucleon mass generated by up-and down-quarks, but also determine nucleon matrix elements required in the search for physics beyond the Standard Model, e.g. in the direct detection of dark matter [2] [3] [4] , searches for lepton flavor violation in µ → e conversion in nuclei [5, 6] , or electric dipole moments [7] [8] [9] [10] . Such nucleon matrix elements corresponding to an interaction channel not present in the Standard Model as an external current are difficult to constrain from experiment, often leaving abinitio calculations in lattice QCD as the only viable approach. The scalar couplings of the lightest quarks, however, form an important exception: due to the SU (2) ChengDashen low-energy theorem [11, 12] there is a rigorous relation between σ πN and the πN scattering amplitude that allows one to extract the σ-term from low-energy πN phenomenology with high precision, providing a rare opportunity to test lattice-QCD calculations of nucleon matrix elements in experiment.
In practice, the low-energy theorem requires the analytic continuation of the πN amplitude into the subthreshold region, which can be achieved in a stable way based on dispersion relations, given sufficient data input for low-energy πN scattering. This analytic continuation was performed in [13] [14] [15] based on the Karlsruhe-Helsinki (KH80) partial-wave analysis [16, 17] , leading to σ πN ∼ 45 MeV [14] , while, within the same formalism, the more recent SAID/GWU partial-wave analysis [18] suggested a significantly larger value σ πN = 64 (8) MeV. Over the past years, the combination of partial-wave dispersion relations together with unitarity and crossing symmetry in the framework of Roy-Steiner (RS) equations [19] [20] [21] [22] [23] [24] [25] [26] further sharpened the relation between σ πN and low-energy πN scattering. In particular, the strong constraint imposed by the RS equations on the energy dependence of the scattering amplitude allows one to eliminate the need for experimental input for a particular P -wave scattering volume [13, 14] and instead derive a direct relation to the S-wave scattering lengths a Is , I s = 1/2, 3/2, 
where the reference valuesā Is refer to the values extracted from high-precision data on pionic atoms taken at PSI [27] [28] [29] , leading to [23, 30, 31] 
The increase of the resulting σ-term σ πN = 59.1(3.5) MeV (3) compared to [14] can be attributed in part to isospin-breaking corrections to the lowenergy theorem [21] , but mainly to improved experimental input. As demonstrated in detail in [21, 23] , using the KH80 scattering lengths [17] 
instead of (2) indeed reproduces the small sigma term of [14] (note that the detailed comparison involves the consideration of isospin-breaking corrections, see also [32] [33] [34] [35] ). A similar conclusion has been reached within chiral perturbation theory (ChPT) [36, 37] : the extracted value of σ πN varies according to the partialwave analysis used to determine the low-energy constants, but demanding that the scattering lengths agree with (2) prefers the SAID/GWU solution, with a result σ πN = 59(7) MeV [37] in perfect agreement with (3) . While the phenomenological determination therefore appears internally consistent, the comparison to recent lattice-QCD calculations at or near physical quark masses [38] [39] [40] [41] reveals a tension with significance as given in Table 1 . A natural strategy to try and resolve this discrepancy involves the πN scattering lengths (2): in case there were some overlooked systematic effect, this could result in a shift in the σ-term as well, so that it would be desirable to obtain an independent check of the pionic-atom result. Such a test could be provided by a lattice calculation of the scattering lengths themselves, although a relatively high accuracy would be required to make the result conclusive [24] . Alternatively, we pursue another data-driven approach in this paper, based on the comparison to the data base for low-energy πN scattering: a remarkable feature of the RS representation of the πN amplitude concerns the fact that it is completely determined once the scattering lengths are fixed, so that the derivation of (3) does not make use of actual πN scattering data except for the high-energy tails of the dispersive integrals. Therefore, the low-energy πN cross section is efficiently parameterized in terms of the scattering lengths only, which can then be extracted by fitting the corresponding representation to the data base.
Apart from the use of a RS representation, our fit strategy differs from recent fits to πN scattering data based on chiral amplitudes [42] [43] [44] in two major ways: first, we do not use the experimental normalizations determined by the SAID/GWU group [45, 46] , but extract these normalizations directly from the data base (these scale factors have also been reconsidered recently in [47] , suggesting that systematic uncertainties in the low-energy behavior of the SAID/GWU solution are underestimated). Second, the electromagnetic corrections from [48] [49] [50] [51] beyond the largely unambiguous Coulomb part are included in the error estimate, and we argue how our approach conservatively maps onto the isospin conventions for the scattering lengths. In this way, the two main sources of uncertainty when fitting to the πN data base should be adequately addressed.
After reviewing the essential features of RS equations in Sect. 2 and electromagnetic corrections in Sect. 3, Sect. 4 will be devoted to the details of the fit, including the role of the uncertainties related to the experimental normalizations. We summarize the consequences for σ πN in Sect. 5, before concluding in Sect. 6.
Roy-Steiner representation
For a detailed account of πN RS equations we refer to [23] , here we review the salient properties needed for the fit to the πN data base. The RS equations for the s-channel partial waves f Is l± , with angular momentum l ± 1/2, take the form
where 
which together with the unitarity relation
being the center-of-mass momentum [with the Källén function λ(a, b, c) =
, and its elastic solution
implies a set of non-linear integral equations for the phase shifts δ Is l± . Following the conventions of [17] , the differential cross section dσ/dΩ and polarization P can be expressed in terms of spin-flip (H) and non-flip (G) amplitudes according to
where q f/i refer to final-/initial-state center-of-mass momenta, which differ in the case of the charge-exchange channel. Unless otherwise noted, all kinematic quantities will refer to their isospin-limit values defined by the charged-particle masses. The amplitudes are related to the partial waves by means of
with scattering angle z = cos θ, t = −2q 2 (1 − z), and the standard Legendre polynomials P l as well as their derivatives P ′ l .
The polarization observables P do not receive any contributions from S-waves and hence their dependence on the scattering lengths is expected to be minor. For this reason we will restrict ourselves to study differential cross section data. As shown in [23] , the corresponding constraint on the energy dependence of f Is l± fixes the lowenergy behavior of the G and H amplitudes completely once the S-wave scattering lengths are specified, which are related by the normalization f
Is . In close analogy to (1), the cross section solution can thus be written in a linearized form
where the energy-and angle-dependent corrections d Is take the role of the c Is coefficients. Such a representation fit to data then determines a Is , while in [23] the scattering lengths were constrained to the pionic-atom valuesā
Is and considered as external input. The difference between these strategies can be illustrated using the example of ππ scattering, where again the scattering lengths are the essential free parameters [52] . To determine these parameters, one can either provide additional external input, in the form of two-loop ChPT [53] , or low-energy data, in this case most prominently from K l4 decays [54, 55] , leading to two independent determinations of the ππ scattering lengths that permit a powerful consistency check. The aim of the present paper is to establish a second determination of the πN scattering lengths, in analogy to the K l4 fit [54, 55] , in order to obtain a similar consistency check for the πN case as well.
In practice, the fitting procedure is less straightforward than described so far. First, the RS equations (5) are only valid in a finite energy region below W m = 1.38 GeV, and only a finite number of partial waves can be retained in the solution. This implies that for energies above W m as well as higher partial waves input from existing partial-wave analyses has to be used, which introduces uncertainties. Similarly, the solution of the analogous set of integral equations for the t-channel problem involves uncertainties that propagate towards the s-channel solution. While at low energies the scattering lengths indeed constitute the only free parameters, the remaining uncertainties in the RS solution become increasingly important for higher energies. For this reason, we restrict the analysis to low-energy data for which the sensitivity to the scattering lengths is greatest, ignoring data once the uncertainties from other sources become dominant.
Finally, although the RS equations (5) in principle couple different isospin amplitudes, at low energies the sensitivity to the main isospin component is by far most pronounced, i.e. for the experimentally accessible channels
Since the discrepancy between the pionic-atom scattering lengths (2) and the KH80 ones (4) resides almost exclusively in the I s = 3/2 channel, we thus expect the π + p → π + p reaction to be most powerful in discriminating between the two sets.
Electromagnetic corrections
At low energies and in forward direction, πN cross sections are strongly affected by electromagnetic interactions. The set of electromagnetic corrections widely used in πN scattering dates back to [48] [49] [50] [51] , culminating in the prescription how to apply these corrections in actual data analyses as summarized in [50] . We first review these corrections, before detailing the consequences for our fit.
The dominant radiative corrections arise from single-photon-exchange diagrams, which for π ± p → π ± p produce the additional Coulomb contributions
to be added to (10) . Here, F V π denotes the electromagnetic form factor of the pion, F 1/2 the Dirac/Pauli form factor of the proton, e 2 = 4πα,
and φ C ensures that the most singular pieces are correct at
with the Euler-Mascheroni constant C E . We emphasize that the form factor parameterizations (of dipole form) employed in [48] [49] [50] are not very accurate compared to today's standards. However, using modern input we checked that for the data of interest in the present study, they are probed at such small values of t that improved form factors do not affect the extracted strong amplitudes in any noticeable way. In addition to the direct contribution to observables, the Coulomb amplitudes affect the partial waves by means of photon exchange in the initial/final state, which produces the Coulomb phase shifts
where Q refers to the sum of the products of particle charges in the initial and final states,
and the phase shifts follow from the (regularized) partial-wave projection of the Coulomb amplitudes, i.e. at O(α) [48] 
Beyond these Coulomb effects, the corrections parameterized in [50] at the level of hadronic phase shifts and inelasticity parameters include further radiative corrections from virtual photons and bremsstrahlung, from mass differences in nucleon Born terms, from different πN coupling constants, and from inelasticities related to the nγ channel, while contributions from short-range photons cannot be addressed within this framework [51] . For the present paper, it is crucial to adopt isospin conventions that match onto [21, 23] , to ensure consistency with the isospin-breaking corrections in the low-energy theorem. Therefore, the isospin limit should be defined by the elastic channels, and all effects from virtual photons removed from the fit scattering lengths. To a large extent the corrections from [50] are consistent with this set-up, e.g. the effect from hard photons parameterized in terms of the low-energy constants f 1 , f 2 was not removed from the scattering lengths in [21, 23] . On the other hand, only the infrared properties of virtual-photon loops are unambiguously calculable in QED, so that virtual-photon effects cannot be captured fully consistently with ChPT, as illustrated by the need to introduce counterterms to cure the ultraviolet divergences.
For these reasons we will adopt the following strategy: central values will be quoted for the full corrections from [50] and the fit results will be interpreted as virtual-photon-subtracted scattering lengths in the sense of [21, 23] , but the difference to the fit results obtained by switching off all corrections except for (13) and (18) will be quoted as an additional systematic uncertainty, as will be the shifts expected from ChPT in the scattering lengths when subtracting virtual-photon effects. The latter amount to
Fit to the pion-nucleon data base
We use the data base compiled by the GW group [45, 46] as a starting point for our fit, with electromagnetic corrections as detailed in the previous section. However, the main experimental uncertainty beyond the statistical errors quoted by each experiment concerns the normalizations, which in [45, 46] have been determined in the context of their πN partial-wave solution. To avoid any bias, we do not use these GW normalizations, but instead consider them as additional fit parameters (besides the scattering lengths). Further bias related to normalization uncertainties might arise in a χ 2 minimization, see [56] , but this can be avoided based on the following iterative strategy [57] .
For k = 1, . . . , N experiments, with N k data points, we are given sets of data {W . . , N k , and for simplicity we denote all observables by σ, whose statistical errors ∆σ are assumed to be uncorrelated (in practice, the differential cross sections also depend on angles z k i ). Suppose we have some initial guess for the scattering length a 0 as well as for the normalizations ζ 0,k and their uncertainties ∆ζ 0,k (which we will collect in vectors ζ 0 and ∆ζ 0 ), then an unbiased solution can be obtained by minimizing
with respect to the scattering length a and the normalizations ζ k . At the minimum, the new errors ∆ζ are then derived from the inverse of the Hessian, and the system can be iterated until convergence. By definition, the different ζ k will be uncorrelated, and we checked that the correlations between scattering length and normalizations are negligibly small. As described in Sect. 2, we restrict the analysis to low energies where the sensitivity to the scattering lengths in the RS solution exceeds the size of the uncertainties from other sources. In more detail, the maximum energy for a given channel I s is taken as the maximum energy W max for which the relation
holds for every scattering angle z, with scattering lengths as defined in (2) and (4). ∆(dσ/dΩ) denotes the remaining RS uncertainties in the cross section central solution, as detailed in [23] . For instance, it includes the effect of the uncertainty in the πN coupling constant, from flat-minima directions in the fit parameter space of the RS solution, the variation of the matching conditions, t-channel input, and s-channel l ≥ 2 partial waves. We also studied the effect of the RS theory uncertainties in the fit by comparing the fit results for different solutions from [23] , but the resulting differences proved negligible. For the π + p → π + p channel, we find T max π = 51.5 MeV, with
the kinetic energy of the incoming pion in the lab frame. This energy range accounts for 32 experimental measurements and 464 data points. In the π − p → π − p channel, the maximum energy is a little smaller by the same criterion, T max π = 32.7 MeV, corresponding to 10 experiments and 180 data points. Finally in the charge-exchange π − p → π 0 n channel, T max π = 45.6 MeV, which includes 24 different experiments and 151 data points. We checked that the results do not depend significantly on the maximum energy considered, so that they are actually stable in a larger energy interval and the exact cutoff criterion becomes irrelevant. Note that we consider an independent normalization constant ζ for each experiment, in (20) this corresponds to N = 32, 10, and 24 normalizations for π
The iterative procedure described above converges reasonably fast. Defining a tolerance τ = |a i −a i−1 | at each iteration i, one obtains stable minima corresponding to τ < 10 −6 for the π − p → π − p and charge-exchange channels in less than 10 iterations. Due to larger numbers of normalization constants and data points, the convergence for π + p → π + p is slower, we obtain a tolerance τ < 10 −3 in 50 iterations. The initial guesses for a, ζ, and ∆ζ in (20) are taken from (2) and the GW solution [45, 46] , although the final solutions are stable irrespective of the considered starting values. In particular, the results are identical starting from the KH80 scattering lengths and/or ζ k = 1. This is an important cross check given the large parameter space of the fits. We stress that the self-consistent, unbiased determination of the normalizations according to (20) is crucial, in particular in the charge-exchange reaction, where otherwise an implausibly large departure from the isospin limit could be observed.
The fit results are shown in Table 2 : for all channels we obtain a good χ 2 . Switching off the non-Coulomb electromagnetic corrections, the description becomes slightly worse, but the fit values for the scattering lengths are rather stable. The biggest shift occurs in the π + p → π + p channel, whose scattering length is reduced by 2.5 times its statistical uncertainty.
The results for the normalizations are given in Table 3 , where we also provide the GW values [45, 46] for comparison. The central values agree within uncertainties in all three channels, but the uncertainties differ substantially in some cases. Our uncertainty estimates, derived from the Hessian at the fit minimum, do not produce the very large O(1) uncertainties as observed in the GW fit. However, especially for the charge-exchange reaction, some normalizations still carry sizable uncertainties, which may be related to inconsistencies in the data base or underestimated experimental errors already noticed in [68, 69] . For illustration, we plot the π + p → π + p differential cross section results in Figs. 1  and 2 , as a function of the scattering angle. The black error bars correspond to the N = 32 experiments below T max π , where we include measurements for different energies within the same plot. Green crosses denote the RS fit results, corresponding to the scattering lengths in Table 2 . In addition, we also plot the RS results generated with pionic-atom and KH80 scattering lengths for comparison, denoted by red up triangles and blue down triangles, respectively. The figures reveal that already by eye the data are incompatible with the KH80 solution, while the pionic-atom results are in perfect agreement.
Since the data base for the elastic channels is dominated by [58] , we also performed fits excluding these data sets, with results shown in the third panel of Table 2 (for both channels [58] accounts for more than half the data points, 274/464 and 121/180 for π ± p). The pull from the full data base amounts to 1.4σ and 1.1σ for the π + p and π − p channel, respectively, and especially given that the statistical errors for the reduced fit set should be inflated due to the increased χ 2 , we conclude that the results for the full and reduced data base are compatible even within statistical errors only, both for the scattering lengths and the normalizations, while possible inconsistencies between the data sets do not become relevant at the level of accuracy for the scattering lengths that we are claiming here. For this reason, we continue to use the full data base in the following.
Adding the statistical uncertainties, the uncertainties related to the nonCoulomb electromagnetic corrections, and the potential shifts from virtual photons in ChPT (19) in quadrature, we obtain
With three channels but only two independent amplitudes in the isospin limit, we can quantify the amount of isospin breaking in terms of the triangle relation
directly from experiment, to be compared with the chiral prediction R = 0.6(4)% (updating [33] to remove the effects from virtual photons). The experimental result is therefore consistent with the small amount of isospin violation as predicted by ChPT (see [74] [75] [76] [77] for earlier analyses) and found within the K-matrix model of [78] . However, a conclusive test of the large amount of isospin violation R ∼ −7% found in earlier phenomenological models [79, 80] would require better control over radiative corrections.
Consequences for the pion-nucleon σ-term
To derive the σ-term corresponding to the scattering lengths (23) . The experimental data (black error bars) are taken from the SAID/GWU data base [45, 46] with normalizations ζ k from Table 3 extracted from the data fit; the two panels include the data from [58] (top) and [60] (bottom). Green crosses refer to the RS representation in (11) with the scattering lengths from the fit solution in Table 2 . For comparison, we also include the RS solutions generated with scattering lengths from pionic atoms (2) (red up triangles) and KH80 (4) (down blue triangles). , as in Fig. 1 . The experimental data (black error bars) are taken from the SAID/GWU data base [45, 46] with normalizations ζ k from Table 3 extracted from the data fit; the two panels include the data from [61, 62] (top) and [66, 70, 72, 73] (bottom). Green crosses refer to the RS representation in (11) with the scattering lengths from the fit solution in Table 2 . For comparison, we also include the RS solutions generated with scattering lengths from pionic atoms (2) (red up triangles) and KH80 (4) (down blue triangles). 
, and π − p → π 0 n (orange). The combination of the elastic (all) channels leads to the green (red) ellipse. The KH80 and pionic-atom scattering lengths are marked in violet and black, respectively.
to be subtracted from a π − p→π 0 n , essentially corresponding to the ChPT prediction for the triangle relation R, but in view of the uncertainties this is a very minor effect.
First, it is instructive to compare the fit results (23) with the expectation from the pionic-atom or KH80 scattering lengths
While the π − p → π − p data are thus compatible with both, the charge-exchange reaction displays a mild preference for the pionic-atom values, and the π + p → π + p data strongly disfavor the KH80 scattering length. As expected, it is the latter reaction that allows us to discriminate between the two sets. This observation is illustrated in Fig. 3 : while the bands in the a 1/2 -a 3/2 plane from π − p → π − p and π − p → π 0 n are not conclusive, the constraint from π + p → π + p decides in favor of pionic atoms. The resulting scattering lengths from the combination of the three reactions, either from the elastic reactions only (green ellipse) or all channels (red ellipse), are quoted in Table 4 , together with the corresponding value of σ πN derived from (1) . Given that the charge-exchange data are fully consistent with the elastic reactions, with isospin-breaking effects compatible with zero at the level of (24) combination of all channels as our final result and quote σ πN = 58 (5) MeV (26) for the πN σ-term, directly derived from πN scattering data. This value is fully consistent with the result from pionic atoms [21] , and provides further evidence that the discrepancy with lattice calculations cannot be blamed on deficient πN data input.
Conclusions
The direct extraction of the πN scattering lengths from the low-energy data base, given in (23) , constitutes the main result of the present paper. Even after accounting for the uncertainties introduced by electromagnetic corrections as well as the normalizations in each experiment, the resulting constraint is sufficiently precise to conclusively test the scattering lengths from pionic-atom data against earlier extractions from πN scattering [16, 17] . Remarkably, the three measured scattering channels lead to a consistent picture that fully confirms the pionic-atom results, and, at the present level of accuracy, does not exhibit evidence for isospin violation, in turn confirming expectations from chiral perturbation theory. Arguably, these results raise the status of the πN scattering lengths to a similar level as for ππ scattering [81] , with Royequation-based extractions from different experiments in perfect agreement. A direct consequence concerns the phenomenological value of the πN σ-term, whose determination crucially depends on the scattering length input. Confirming the pionic-atom extraction from another experimental source, albeit with larger uncertainties, thereby provides an independent verification of [21] and makes it appear unlikely that the πN scattering lengths are the origin of the current tension with lattice QCD.
